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(Dated: Otober 10, 2018)
We present a unied desription of the quantum Hall eet in graphene on the basis of the
8-omponent Dira Hamiltonian and the supersymmetri (SUSY) quantum mehanis. It is re-
markable that the zero-energy state emerges beause the Zeeman splitting is exatly as large as
the Landau level separation, as implies that the SUSY is a good symmetry. For nonzero energy
states, the up-spin state and the down-spin state form a supermultiplet possessing the spin SU(2)
symmetry. We extend the Dira Hamiltonian to inlude two indies j↑ and j↓, haraterized by the
dispersion relation E (p) ∝ pj↑+j↓ and the Berry phase pi(j↑ − j↓). The quantized Hall ondutivity
is shown to be σxy = ± (2n+ j↑ + j↓) 2e
2/h.
The quantum Hall eet (QHE) is one of the most
remarkable phenomena in ondensed matter disovered
in the last entury[1, 2℄. Eletrons, undergoing y-
lotron motion in magneti eld, ll Landau levels su-
essively. Eah lled energy level ontributes one ondu-
tane quantum e2/~ to the Hall ondutivity σxy. The
Hall plateau develops at σxy = ν(e
2/h), where ν is the
lling fator. It tells us how many energy levels are lled
up. Hall plateaux have been observed at ν = 1, 2, 3, . . .
in the onventional semiondutor QHE.
Reent experimental developments have revealed un-
onventional QHE in graphene[3, 4, 5, 6℄. The lling
fators[7, 8, 9℄ form a series [Fig.1(b)℄,
ν = ±2,±6,±10, · · · , (1)
where the basi height in the Hall ondutane step is
4e2/h exept for the rst step whih is just one half. In
the bilayer graphene QHE, the series reads[6, 10℄,
ν = ±4,±8,±12, · · · , (2)
where all steps have the same height 4e2/h. A most re-
ent experiment[11℄ has shown a ne struture at ν =
0,±1,±4 in monolayer graphene.
In this paper, we present a unied desription of the
QHE in graphene on the basis of the 8-omponent Dira
Hamiltonian and the supersymmetri (SUSY) quantum
mehanis[12℄. Our rst observation is that the Zeeman
splitting is as large as the Landau-level separation, as
leads to the emergene of the zero energy state. Fur-
thermore, the spin SU(2) symmetry is exat within eah
Landau level for nonzero energy states. Our seond ob-
servation is that the above Landau-level struture is a
manifestation of SUSY at the K and K' points.
We rst formulate the QHE in monolayer graphene.
Then, in order to make the underlying mathematial
struture lear, we generalize our analysis to the system
where the dispersion relation has the form E (p) ∝ pj↑+j↓
and the Berry phase is given by pi(j↑− j↓) in the absene
of the magneti eld. The monolayer graphene orre-
sponds to j↑ = 1 and j↓ = 0, while the bilayer graphene
to j↑ = 2 and j↓ = 0. We show that the zero-energy
FIG. 1: (a) A shemati diagram of the low-energy disper-
sion relation near the Dira points (K and K' points) in the
graphene Brillouin zone. Only two Dira ones are inequiv-
alent to eah other, produing a 2-fold valley degeneray in
the band struture. (b) The quantized Hall ondutivity as
a funtion of the lling fator ν in monolayer graphene. ()
The Landau level spetrum of monolayer graphene for ele-
trons (red) and holes (blue) at the K and K' points. The
arrow indiates the spin. This spetrum is a manifestation of
SUSY.
states have the j↑-fold (j↓-fold) degeneray for up-spin
(down-spin) eletrons at the K point. As a result the
quantized values of the Hall ondutivity beome
σxy = ±
(
n+
j↑ + j↓
2
)
4e2
h
, n = 0, 1, 2, · · · . (3)
We also disuss the relation of our SUSY formalism to
the Atiyah-Singer index theorem.
We start with the SUSY desription of the monolayer
graphene. The low-energy band struture of graphene
an be approximated as ones loated at two inequiva-
lent Brillouin zone orners alled the K and K' points
[Fig.1(a)℄. In these ones, the two-dimensional energy
dispersion relation is linear and the eletron dynamis
an be treated as `relativisti' Dira eletrons[13℄, in
whih the Fermi veloity v
F
of the graphene substitutes
for the speed of light.
Corresponding to the K point (+) and the K' point
2(−), we have two Dira Hamiltonians
H±
D
= v
F
(αxPx ± αyPy) + βmv2
F
, (4)
where Pi ≡ −i~∂i+ eAi is the ovariant momentum, and
αi =
(
0 σi
σi 0
)
, β =
(
I2 0
0 −I2
)
(5)
with σi the Pauli matrix for the spin degree of freedom
and I2 the 2 × 2 unit matrix. We have introdued the
vetor potential Ai, in terms of whih the magneti eld
is B =∇×A. We assume a homogeneous magneti eld
B = (0, 0,−B) with B > 0. In the zero eld ase, the
Hamiltonian (4) has a linear dispersion E(p) = ±vF p for
both spin states and for both K and K' points. The mass
of quasipartile exitations is zero, m = 0, in the naive
band-struture alulation for noninterating quasipar-
tiles on the hexagonal lattie of graphene. However,
it is natural to expet a nonzero exitation gap when
the Coulomb interation is taken into aount. Hene
we have inluded the eetive mass term into the Dira
Hamiltonian (4). Our analysis is valid whether m = 0 or
m 6= 0.
The Hamiltonian (4) is expressed as[14℄
H±
D
=
(
mv2
F
Q±
Q± −mv2
F
)
, (6)
with
Q± = vF (σxPx ± σyPy) . (7)
It is diagonalized,
H±
D
= diag.
(√
Q±Q± +m2v4
F
,−
√
Q±Q± +m2v4
F
)
,
(8)
where the negative omponent desribes holes.
It is onvenient to distinguish eletrons on the K
and K' points by assigning the pseudospin to them.
Namely, we all the eletron on the K (K') point the
up-pseudospin (down-pseudospin) eletron. We an om-
bining them into the 8-omponent Dira Hamiltonian,
H
D
= v
F
αxPx + vFτzαyPy + βmv
2
F
= diag.(H+
D
, H−
D
),
(9)
where τz is the Pauli matrix ating on the pseudospin
spae. The pseudospin is reversed by the operation
τxHDτx = diag.(H
−
D
, H+
D
). (10)
Furthermore, the Hamiltonian H±
D
has a symmetry,
ΓH±
D
Γ = −H±
D
, (11)
with Γ =diag.(σz, σz). It implies that a solution |Ψ〉 to
the Dira equation with energy E has a partile-hole on-
jugate partner Γ|Ψ〉 with energy −E. Therefore, it is
enough to explore the energy spetrum of eletrons for
E ≥ 0 at the K point. Nevertheless, to make the un-
derlying physial and mathematial struture lear, we
present all the spetrum in what follows.
We onsider the quantity[14℄
H± = 2Q±Q± = 2v
2
F
(−i~∇+ eA)2 ∓ 2e~v2
F
σzB. (12)
Sine this has the same form as the Pauli Hamiltonian
with the mass m∗ = 1/4v2
F
exept for the dimension,
we all it the Pauli Hamiltonian for brevity. The energy
spetrum En of the Dira Hamiltonian is onstruted one
we know the one En of the Pauli Hamiltonian (12). It is
to be notied in (12) that the diretion of the magneti
eld is eetively opposite at the K and K' points.
We introdue a pair of operators
a =
lB√
2~
(Px + iPy), a
† =
lB√
2~
(Px − iPy) (13)
with the magneti length l
B
=
√
~/eB. The ommuta-
tion relation
[
a, a†
]
= 1 follows from [Px, Py] = i~
2/l2B.
The operator Q± is expressed as
Q+ =
(
0 A†
A 0
)
, Q− =
(
0 A
A† 0
)
. (14)
with A = ~ωca, where ωc =
√
2v
F
/lB = vF
√
2eB/~.
Let us rst make a generi argument that is valid
for an arbitrary operator A. We fous on the Hamilto-
nian H+ =diag.(H+↑, H+↓) related to the K point, with
H+↑ = A†A and H+↓ = AA†. This is a simplest ex-
ample of the SUSY quantum mehanis[12℄, where the
superalgebra reads
H+ = {Q+, Q+},
[
H+, Q+
]
= 0, (15)
with Q+ the superharge. The two Hamiltonians H
+↑
and H+↓ are superpartners. We onsider separately the
eigenvalue problems for the up-spin and down-spin om-
ponents,
H+↑↓|ψ+↑↓n 〉 = E+↑↓n |ψ+↑↓n 〉, (16)
where E+↑↓n+1 > E
+↑↓
n ≥ E+↑↓0 . We assume E+↑0 = 0, as
implies that the SUSY is a good symmetry[12℄. (This is
indeed the ase in our system with A = ~ωca.) Using the
relations
AH+↑ = AA†A = H+↓A, (17)
we obtain
H+↓A|ψ+↑n 〉 = AH+↑|ψ+↑n 〉 = E+↑n A|ψ+↑n 〉, (18a)
H+↑A†|ψ+↓n 〉 = A†H+↓|ψ+↓n 〉 = E+↓n A†|ψ+↓n 〉. (18b)
If E+↑n 6= 0, A|ψ+↑n 〉 is an eigenstate of H+↓. Similarly,
if E+↓n 6= 0, A†|ψ+↓n 〉 is an eigenstate of H+↑. Thus,
3there is one-to-one orrespondene between the up-spin
eigenstate and the down-spin eigenstate for nonzero en-
ergy states [Fig.2℄. They are said to make a supermulti-
plet, sine the orrespondene is made by the superharge
Q+. We identify[12℄ the up-spin (down-spin) setor as
the bosoni (fermioni) setor at the K point.
It is neessary to examine the ases E+↓0 6= 0 and
E+↓0 = 0, separately. If E
+↓
0 6= 0, the lowest energy eigen-
state of H+↓ is |ψ+↓0 〉 ∝ A|ψ+↑1 〉. Then, the states |ψ+↑n+1〉
and |ψ+↓n 〉 make a supermultiplet having the same energy
E+↑n+1 = E
+↓
n . Namely, there hold the relations [Fig.2(a)℄
|ψ+↓n 〉 =
1√
E+↑n+1
A|ψ+↑n+1〉, |ψ+↑n+1〉 =
1√
E+↓n
A†|ψ+↓n 〉
(19a)
for n ≥ 0. On the other hand, if E+↓0 = 0, for
whih A†|ψ+↑0 〉 = 0 additionally, there hold the relations
[Fig.2(b)℄
|ψ+↓n 〉 =
1√
E+↑n
A|ψ+↑n 〉, |ψ+↑n 〉 =
1√
E+↓n
A†|ψ+↓n 〉
(19b)
for n ≥ 1. The similar analysis is appliable also
to the Hamiltonian related to the K' point, where
H− =diag.(H−↑, H−↓) with H−↓ = A†A and H−↑ =
AA†. It is to be notied that the bosoni (fermioni)
setor is identied with the down-spin (up-spin) states
at the K' point. The energy spetrum is 4-fold degen-
erated exept for the zero-energy state. We annot say
anything about the degeneray of the zero-energy state
by this general argument.
FIG. 2: The energy spetrum of the superpartner Hamiltoni-
ans H+↑ and H+↓ for eletrons at the K point. Two states
on the same horizontal line have the same energy, making a
supermultiplet, exept for the zero-energy state (E+↑0 = 0).
The zero-energy state is j↑-fold ( j↓-fold) degenerated for up-
spin (down-spin) eletrons. (a) The ase with j↓ = 0. We
have j↑ = 1 in monolayer graphite, while j↑ = 2 in bilayer
graphite. (b) The ase with j↓ 6= 0.
We apply the above analysis to the monolayer graphene
with the "Dira" Hamiltonian (8) with (14), where A =
~ωca and E
+↑
0 = 0. Using the ommutation relation[
a, a†
]
= 1, it is trivial to see that the energy eigenvalues
of the Dira Hamiltonian H±
D
are
E+↑0 = E−↓0 = ±mv2F (20)
and
E+↑n+1 = E+↓n = E−↓n+1 = E−↑n
= ±~ωc
√
n+ 1 + (m2v4
F
/~2ω2c ) (21)
for n ≥ 0. If m = 0, there exists one zero-energy state for
up-spin eletrons but not for down-spin eletrons at the
K point [Fig.2(a)℄. The existene of the zero energy state
is an intriguing property of the SUSY theory, where the
bosoni and fermioni zero-point energies are aneled
out[12℄. The physial reason is that the Zeeman split-
ting is exatly as large as the Landau level separation.
This is a well known property[14℄ of the Dira eletron
in magneti eld though it is overlooked in all previous
literature on the QHE in graphene. On the other hand,
there exists one zero-energy state for down-spin eletrons
but not for up-spin eletrons at the K' point. Reall that
the diretion of the magneti eld is eetively opposite
at the K and K' points.
There exists the 4-fold degeneray in the zero-energy
state due to eletrons and holes. No plateau is made
at ν = 0 beause the Landau level made of the zero
energy states is half-lled. However, the degeneray is
removed between eletrons and holes one the mass term
is present. However small the mass m may be, the Hall
plateau emerges at ν = 0 sine holes are lled before
eletrons. Thus, by assuming m 6= 0, we an explain a
reent experimental data[11℄ at ν = 0.
We next investigate a general ase, where A is given
by
A = ~ωca
†j↓aj↑ , A† = ~ωca
†j↑aj↓ , (22)
with j↑ and j↓ being integers suh that j↑ > j↓. The
monolayer graphene is given by j↑ = 1, j↓ = 0, and the
bilayer graphene by j↑ = 2, j↓ = 0. The physial meaning
of the indies is disussed after the energy spetrum is
onstruted.
We study the energy spetrum of the Hamiltonian
H+ = {Q+, Q+} with (14) and (22). Although the
Hamiltonian is written in terms of A and A†, the ba-
si physial variable is the momentum, or equivalently, a
and a†. Thus, we onsider the state
|n〉 = 1√
n!
(a†)n|0〉. (23)
We make an analysis at the K point. The zero-energy
up-spin states are given by the ondition A|n〉 = 0. They
are |0〉, |1〉, · · · , |j↑ − 1〉, whih are degenerate in |ψ+↑0 〉.
On the other hand the zero-energy down-spin states are
determined by requiring A†|n〉 = 0. If j↓ = 0, there are
no zero-energy states, and the supermultiplet is given
4by (19a) [Fig.2(a)℄. If j↓ 6= 0, they are |0〉, |1〉, · · · ,
|j↓ − 1〉, whih are degenerate in |ψ+↓0 〉. Consequently,
there exists the (j↑ + j↓)-fold degeneray in the zero-
energy state for eletrons at K point, orresponding to j↑
up-spin eletrons and j↓ down-spin eletrons [Fig.2(b)℄.
The similar analysis is made also at the K' point.
We apply the above analysis to the "Dira" Hamilto-
nian (8). The eigenvalues are easily alulated by eval-
uating A†A |n〉 and AA† |n〉. For the bosoni setor, we
derive
E+↑0 = E−↓0 = ±mv2F (24)
and
E+↑n = E−↓n = ε+↑(j↑ + n− 1) (25)
for n ≥ 1, where
ε+↑(n) = ±~ωc
√
n! (n− j↑ + j↓)!
{(n− j↑)!}2
+
m2v4
F
~2ω2c
. (26)
For the fermioni setor, in the ase of j↓ = 0 we nd
E+↓n = E−↑n = ε+↓(j↓ + n) (27)
for n ≥ 0 [Fig.2(a)℄; in the ase of j↓ 6= 0 we nd
E+↓0 = E−↑0 = ±mv2F (28)
and
E+↓n = E−↑n = ε+↓(j↓ + n− 1) (29)
for n ≥ 1 [Fig.2(b)℄, where
ε+↓(n) = ±~ωc
√
n! (n+ j↑ − j↓)!
{(n− j↓)!}2
+
m2v4
F
~2ω2c
. (30)
In the ase ofm = 0, the zero energy states are 4(j↑+j↓)-
fold degenerated and all other states are 4-fold degener-
ated. This energy spetrum implies that the Hall on-
dutivity is quantized as in (3).
The bilayer graphene orresponds to j↑ = 2, j↓ = 0.
The energy spetrum is obtained as
E+↑0 = E−↓0 = ±mv2F (31)
and
E+↑n = E−↓n = ±~ |ωc|
√
n (n+ 1) +m2v4
F
/~2ω2c , (32a)
for n ≥ 1 and
E+↓n = E−↑n = ±~ |ωc|
√
(n+ 2) (n+ 1) +m2v4
F
/~2ω2c
(32b)
for n ≥ 0, as agrees with the previous result[6, 10℄. We
expet the emergene of a Hall plateau at ν = 0 due to
the eletron-hole splitting also in the bilayer graphene.
We now disuss the physial meaning of the indies j↑
and j↓ in (22) by setting m = 0. We derive the energy
dispersion relation in the zero eld (B = 0). Setting Pi =
pi and parametrizing p = (p cosφ, p sinφ), we obtain
A = E (p) ei(j↑−j↓)φ, A† = E (p) e−i(j↑−j↓)φ, (33)
with
E (p) = ~ωc
(
lBp√
2~
)j↑+j↓
. (34)
The eigenvalues of the "Dira" Hamiltonian (8) are
±E (p) with the eigenstates
|±〉 = 1√
2
(
1
±ei(j↑−j↓)φ
)
(35)
at the K point. Hene, the energy dispersion relation
is given by E (p). The Berry phase is dened as a loop
integration
Γ
B
=
∮ ∑
k
Ckdxk (36)
of the onnetion eld
Ck = 〈n| i ∂
∂xk
|n〉 . (37)
It beomes
Γ
B
= pi (j↑ − j↓) (38)
for the eigenstates |±〉. Thus the indies j↑ and j↓ are
xed by the dispersion relation and the Berry phase in
the zero eld.
We omment on the Witten index and the Atiyah-
Singer index theorem. We fous on the K point. The
Witten index[12℄ is given by
∆
W
= dim
[
kerH+↑
]− dim [kerH+↓] = j↑ − j↓, (39)
where j↑ ≡ dim
[
kerH+↑
]
and j↓ ≡ dim
[
kerH+↓
]
are
the numbers of zero-energy states of H+↑ and H+↓,
respetively. We have expliitly shown in the present
model that the Witten index dened in the nonzero eld
(B 6= 0) is equal to the Berry phase dened in the zero
eld (B = 0), Γ
B
= pi∆
W
. This is a general property,
as we briey sketh. The Witten index is equal to the
Fredholm index[14℄
∆
F
= dim [kerA]− dim [kerA†] , (40)
sine
kerH+↑ = kerA†A = kerA, (41)
and
kerH+↓ = kerAA† = kerA†. (42)
5Now, aording to the Atiyah-Singer index theorem, ∆
F
is invariant as B → 0, where ∆
F
beomes the hiral
anomaly[14℄. The hiral anomaly is given by the Berry
phase. Consequently it follows that Γ
B
= pi∆
W
.
The Witten index, j↑ − j↓, and the degeneray of the
zero-energy state, j↑+j↓, are dierent objets. Neverthe-
less, they are idential in graphene sine j↓ = 0. Thus, by
ombining the ontributions from the K and K' points,
the degeneray 4j↑ = 4 in monolayer graphene an be
related to the Berry phase, as pointed out in Refs.[4, 5℄.
We have presented a unied desription of the QHE in
graphene based on the SUSY quantum mehanis. The
key observation is that the Zeeman splitting is exatly as
larage as the Landau level separation at the K and K'
points in graphene. It is remarkable that its onsequene
is the exat spin SU(2) symmetry in eah Landau level,
however large the magneti eld is. Indeed, an arbitral
linear ombination of the up-spin and down-spin states
belongs to the same Landau level. Furthermore, the ele-
tron has the pseudospin in addition to the spin. It leads
to the SU(4) symmetry together with SU(4) skyrmion
exitations[15℄, as in the bilayer system of the onven-
tional semiondutor QHE[2℄.
Interations between eletrons are not taken into a-
ount in this paper, exept for a possible mass term
whih would arise from Coulomb interations. It re-
moves the 4-fold degeneray in the zero-energy state of
monolayer graphene, as explains the emergene of a Hall
plateau at ν = 0 in reent experimental data[11℄. How-
ever, it does not remove the 4-fold degeneray in higher
Landau levels. With respet to this degeneray, there
are senarios[16, 17℄ that the degeneray is removed by
Coulomb interation. In partiular, it is pointed out[17℄
that the pseudospin SU(2) symmetry is broken expliitity
down to U(1)×Z
2
. If this is the ase, the total symmetry
must be [SU(2)℄
spin
×[U(1)×Z
2
℄
pseudospin
, sine the spin
SU(2) symmetry is exat as we have emphasized. We
wish to make a detailed analysis of a ne struture of
Hall plateaux based on our SUSY formalism in a subse-
quent work.
The author is grateful to Professors T. Ando, Y. Iye
and Z.F. Ezawa for fruitful disussions on the subjet.
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